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Abstract
Let (G; K) be a compact Lie pair. Then K acts on the homogeneous space G=K by left trans-
lation. In [3], Shiga has studied the condition on the pair (G; K) that the bration G=K!EKK
G=K!BK is totally non-cohomologous to zero with respect to the real eld from the viewpoint
of the equivariant de Rham cohomology and its model. We generalize the main theorem in [3]
on the ordinary cohomology theory with coecients in any eld. c© 2000 Elsevier Science B.V.
All rights reserved.
MSC: 55N91; 55T15
1. Introduction
Let G be a compact connected Lie group and K a closed connected subgroup of G.
Let k be a eld of characteristic p.
Hypothesis I. H(G; k) and H(K ; k) are exterior algebras on generators with odd
degree, that is, H(G;Z) and H(K ;Z) are p-torsion free.
The condition that H(G; k) is an exterior algebra on generators with odd degree
holds in many cases. As such examples, we can give the cases where (G;p)= (U (n); p)
for any prime p and (G;p)= (SO(n); p) unless p=2. We also mention that the con-
dition holds for any compact connected Lie group if p=0.
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In this paper, under Hypothesis I, we study homological conditions on the pair (G;K)
that the Borel bration
G=K
q−! EK K G=K!BK (1.1)
is totally non-cohomologous to zero (TNCZ) with respect to k.
Let  :G!G=K be the natural projection and NG(K) the normalizer of K in G. Then
the quotient group N =NG(K)=K acts on G=K from the right and so on H(G=K ; k).
We denote by H(G=K ; k)N the set of xed elements in H(G=K ; k) under the action.
Consider the following two conditions:
(P1)k (G;K) is a Cartan pair, that is, dimk(Im  \PH(G; k))= rankG − rank K ,
where PH(G; k) is the vector space of primitive elements of H(G; k);
(P2)k the induced homomorphism  :H(G=K ; k)N !H(G; k) is injective.
For the special case where k is the real number R, the problem whether the bra-
tion (1.1) is TNCZ was studied by Shiga [3] from the viewpoint of a model of the
equivariant de Rham cohomology of G=K . His result states
Theorem A (Shiga [3, Theorem A]). If a Lie pair (G;K) satises the conditions
(P1)R and (P2)R; then the bration (1.1) is TNCZ; that is; q is surjective.
We can obtain a generalization of Shiga's result as an immediate corollary of the
main theorems in this paper.
Theorem 1. Let k be a eld. Assume that Hypothesis I holds. Then the bration
(1.1) is TNCZ with respect to k if G=K satises the conditions (P1)k and (P2)k.
Let  :BK!BG be the map induced from the inclusion K!G and put rankG= l
and rank K =m. Before we state the main theorems, we introduce another condition:
(P3)k there exist indecomposable elements x1; : : : ; xm; xm+1; : : : ; xl of H(BG; k) such
that H(BG; k)= k[x1; : : : ; xm; xm+1; : : : ; xl] as an algebra, (x1); : : : ; (xm) is a regular
sequence in H(BK ; k) and (xm+1)=    = (xl)= 0.
For the denition of the regular sequence, see Denition in Section 2.
Our main theorems are stated as follows:
Theorem 2. The condition (P3)k holds if and only if the condition (P1)k holds and
the bration (1.1) is TNCZ with respect to k.
Theorem 3. If conditions (P1)k and (P2)k hold; so does condition (P3)k.
The paper is organized as follows. In Section 2, we prove Theorems 1 and 2.
Section 3 is devoted to the reconsideration of the examples due to Shiga in [3].
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2. Proofs
In the proof of Theorem A, Shiga uses Cartan's result [2] concerning a model of
the de Rham cohomology of the homogeneous space G=K . In order to prove
Theorems 2 and 3, we generalize the result of Cartan to our case by applying results
of Baum [1].
Let G=K
j−! BK −! BG be the bration of a Lie pair (G;K) and  :G!G=K the
natural projection. Then we have
Proposition 4. By Hypothesis I, we can write H(BK ; k)= k[y1; : : : ; ym] as an alge-
bra. If the condition (P1)k holds; then
(1) there exist indecomposable elements x1; : : : ; xm; xm+1; : : : ; xl in H(BG; k) such
that H(BG; k)= k[x1; : : : ; xm; xm+1; : : : ; xl] as an algebra and that (x1); : : : ; (xm)
is a regular sequence in H(BK ; k);
(2) H(G=K ; k)= k[y1; : : : ; ym]=((x1); : : : ; (xm))⊗(wm+1; : : : ; wl) as an algebra
and H(G; k)=(s−1x1; : : : ; s−1xm; s−1xm+1; : : : ; s−1xl) as a Hopf algebra; where s−1xi
is the image of xi under the cohomology suspension; degwj =deg xj−1 and deg s−1xj
=deg xj − 1.
Here (wm+1; : : : ; wl) denotes the commutative algebra with the 2-simple system of
generators wm+1; : : : ; wl and; in particular; (wm+1; : : : ; wl) is isomorphic to the exte-
rior algebra (wm+1; : : : ; wl) unless p=2. Moreover; we can choose the generators
yk ; s−1xj and wj so that j(yk)=yk and
(wm+s)= s−1xm+s +
X
1jm
js−1xj
for some j 2 k.
In order to prove Proposition 4, we prepare some algebraic matters. For any con-
nected vector space V; we denote the quotient space V=k by V+. Let A be an algebra
over a eld k and I an ideal of A.
Denition. (i) The set S consisting of elements a1; a2; : : : ; al of A is called a non-
redundant set of generators for I if I is the ideal of A generated by a1; a2; : : : ; al but
no proper subset of S generates I .
(ii) The sequence a1; a2; : : : ; al of A is called a regular sequence if a1 is not a zero
divisor in A and ai is not a zero divisor in A=(a1; : : : ; ai−1) for any i=2; : : : ; l.
Proof of Proposition 4. By Hypothesis I, we can choose indecomposable elements
x1; : : : ; xt ; xt+1; : : : ; xl so that H(BG; k)= k[x1; : : : ; xt ; xt+1; : : : ; xl] as an algebra and that
the set S = f(x1); : : : ; (xt)g is a non-redundant set of generators for the ideal
I =(Im 
+
). Let fE;r (G=K); drg be the Eilenberg{Moore spectral sequence of the
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bration G=K!BK!BG which converges to H(G=K ; k). Then
E;2 =TorH(BG;k) (k; H(BK ; k))
=H (k[y1; : : : ; ym]⊗(s−1x1; : : : ; s−1xl); d1);
as algebras, where bideg yi=(0; deg yi); bideg xj =(−1; deg xj) and the dierential
d1 is given by d1(s−1xj)= (xj) and d1(yi)= 0. Since S is a non-redundant set
for I , it follows that if k>t, then d1(s−1xk)= (xk)=
Pt
j=1(−j)(xj) for some
j 2H(BK ; k)=E0;2 . Hence we obtain d1-cycles
wk := s−1xk +
tX
j=1
k; js−1xj; k = t; t + 1; : : : ; l:
Let fE;r (G); drg be the Eilenberg{Moore spectral sequence of the principal G-bundle
G!EG!BG which converges to H(G; k). Note that the E;2 -term of this spectral
sequence is isomorphic to the exterior algebra (s−1x1; : : : ; s−1xl) and hence fE;r (G);
drg collapses at the E;2 -term. The morphism of brations
G −−−−−! EG −−−−−! BG

?????y
?????y
?????y =
G=K −−−−−! BK −−−−−!

BG
(2.1)
induces a morphism ffrg of spectral sequences from fE;r (G=K); drg to fE;r (G); drg.
Since f2()= 0 for any element 2E0;2 , it follows that
f2(wk)= s−1xk +
X
1st; jk; jj=0
k; js−1xj:
This fact enables us to deduce that the elements wk (k>t) are permanent cycles. Con-
sider the vector subspace V of Im  \PH(G; k) spanned by the elements (wt); : : : ;
(wl). Assume that dim V<dim(Im  \PH(G; k)). Then there exists an element
v=
X
1st
ss−1xs +
X
t+1jl
js−1xj of E
−1;
2
surviving in the E1-term such that (v) is not a linear combination of the elements
(wt+1); : : : ; (wl). From the denition of the elements wi, we can write
v=
X
1st
0ss
−1xs +
X
t+1jl
jwj
for some 0s 2H(BK ; k). Since v and wj are d1-cycles, it follows that
P
1st 
0
s
(xs)
= 0.
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Therefore, we see that 0s=0 if deg 
0
s=0 because S = f(x1); : : : ; (xt)g is a non-
redundant set of I . Thus (v)=
P
1st; deg j = 0 j
(wj), which is a contradiction. It
is clear that (wt+1); : : : ; (wl) are linearly independent. This fact and the condition
(P1)k allow us to conclude that
l− t=dim V =dim(Im  \PH(G; k))= l− m
and hence t= l. Thus the deciency df(K;G : k) in the sense of Baum [1] is zero. By
virtue of [1, 7.4 Theorem], we see that the spectral sequence fE;r (G=K); drg collapses
at the E2-term. The algebra
H(BK ; k)=(Im 
+
)= k[y1; : : : ; ym]=((x1); : : : ; (xm))
is a subalgebra of E0;2 and so of H
(G=K ; k). Since H(G=K ; k) is a nite vector
space, we can conclude that (x1); : : : ; (xm) is a regular sequence of the algebra
H(BK ; k)= k[y1; : : : ; ym] (cf. [1, 3.9 Proposition]). Therefore
E;1 =E;2 =H (k[y1; : : : ; ym]⊗(s−1x1; : : : ; s−1xl); d1)
=H (k[y1; : : : ; ym]⊗(s−1x1; : : : ; s−1xm)⊗(wm+1; : : : ; wl); d1)
= k[y1; : : : ; ym]=((x1); : : : ; (xm))⊗(wm+1; : : : ; wl)
as algebras. There are no extension problems if p 6=2. This nishes the proof of
Proposition 4.
We need the following lemma to prove Theorem 3.
Lemma 2.1. Let (G;K) be a Cartan pair. If (G;K) satises the condition (P2)k; then
j(H(BK ; k)+)N =0.
Proof. By Proposition 4, we see that Ker =(fk[y1; : : : ; ym]=((x1); : : : ; (xm))g+)
= (j(H(BK ; k)+)), where (S) denotes the ideal of H(G=K ; k) generated by S.
Therefore
Ker(jH(G=K ;k)N ) = Ker  \H(G=K ; k)N
= (j(H(BK ; k)+))\H(G=K ; k)N
 j(H(BK ; k)+)N :
Hence we have Lemma 2.1.
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We dene the map  :EG K G=K!BK by ([x; g]K)= [xg]K . Then we have
a morphism of brations
G=K −−−−−! EG K G=K −−−−−! BK
=
?????y 
?????y
?????y 
G=K −−−−−! BK −−−−−!

BG:
(2.2)
Here we regard the classifying space BK as EG=K . Note that the bration (1.1) is
TNCZ with respect to k if and only if so is the bration G=K!EG K G=K!BK .
This diagram plays an important role in proofs of Theorems 1 and 2.
Proof of Theorem 2. Assume that the condition (P3)k holds. By using the Eilenberg{
Moore spectral sequence of the bration
G=K
j−! BK −! BG; (2.3)
we see that H(G=K ; k)= k[y1; : : : ; ym]=((x1); : : : ; (xm))⊗(s−1xm+1; : : : ; s−1xl) as
an algebra. Let ffrg be the the morphism of spectral sequences which is used in the
proof of Proposition 4. The comparison of the Eilenberg{Moore spectral sequences
with ffrg enables us to conclude that the elements (s−1xm+1); : : : ; (s−1xl) are lin-
early independent primitive elements in H(G; k). In this case, it is immediate that
the condition (P1)k holds. Let fE;r ; drg be the Leray{Serre spectral sequence of the
bration (2.3). Since any element yt in H(G=K ; k) is in the image of j, it fol-
lows that the element yt in E
0; n
2 (n=deg yt) must survive to the E1-term. Let xi be
a map from BG to the Eilenberg{MacLane space K(k; deg xi) which represents the
class xi 2Hm(BG; k) (m=deg xi). Consider the morphism of brations
G=K −−−−−! BK −−−−−!

BG
l
?????y =
?????y
?????y xi
F −−−−−! BK −−−−−!
xi
K(k; deg xi);
where F is the homotopy ber of xi  . The usual argument of the Eilenberg{Moore
spectral sequence converging to H(F ; k) enables us to deduce that H(F ; k)=H
(BK ; k)⊗(s−1) for  deg s−1=deg xi−1 and that l(s−1)= s−1xi. Since Hs(BK ;
k)= 0 if s is odd, it follows that the element s−1 is transgressive to the fundamental
class  of H(K(k; deg xi); k). Thus, in the spectral sequence fEr; drg, the element wi is
transgressive to the element xi for any i=m+1; : : : ; l. Let f Er; drg be the Leray{Serre
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spectral sequence of the bration (1.1) and ffrg : fEr; drg!f Er; drg the morphism of
spectral sequences induced by diagram (2.2). By comparing the spectral sequences by
ffrg, we see that the element yj 2H(G=K ; k)= E0;2 is a permanent cycle for any
j=1; : : : ; m. Since (xi)= 0, it follows that the elements s−1xi (i=m + 1; : : : ; l) are
permanent cycles. In the consequence, we see that the bration (1.1) is TNCZ with
respect to k.
We assume that the condition (P1)k holds and the bration (1.1) is TNCZ with
respect to k. From Proposition 4, it follows that there exist indecomposable elements
x1; : : : ; xm; xm+1; : : : ; xl in H(BG; k) such that H(BG; k)= k[x1; : : : ; xm; xm+1; : : : ; xl] as
an algebra and that (x1); : : : ; (xm) is a regular sequence. Without loss of generality,
we can assume that deg xm+1     deg xl and that (xm+1)=    = (xs−1)= 0 for
some s (m+1 s l). We also consider the Leray{Serre spectral sequence fEr; drg of
the bration (2.3). By virtue of Proposition 4, we see that H(G=K ; k)= k[y1; : : : ; ym]=
((x1); : : : ; (xm))⊗(wm+1; : : : ; wl) and j(yk)=yk . Therefore the element yk 2E0;2
is a permanent cycle for any k =1; : : : ; m. By the same argument as the proof of the
\only if" part, we can conclude that, for any j=m + 1; : : : ; s − 1; wj(= s−1xj) is
transgressive to the element xj in Er;0r , where r=deg xj, and hence 
(xj)= 0. Let
t be the lowest integer such that dt(ws) 6=0. We can write
dt(ws)=
X
k
Xk ⊗Yk ;
where Xk and Yk are monomials in E
t;0
t and E
0;
t , respectively. If there exists a mono-
mial Xk which has some element xj (m+1 j s−1) as its factor, then degXk =deg xj;
in fact, xj is zero in the Et-term whenever degXk>deg xj. Thus we can write
dt(ws)=
X
m+1ks−1;deg xk=t
xk ⊗Yk +
X
j
x1( j)1    xm( j)m ⊗ ~Yj:
By considering the morphism of spectral sequences ffrg : fEr; drg!f Er; drg, we have
dt =
X
j
(x1)1( j)   (xm)m( j)⊗ ~Yj:
Since (x1); : : : ; (xm) is a regular sequence in H(BK ; k), it follows that dt(ws) 6=0,
which is a contradiction if ~Yj 6=0 for some j. Therefore we can rewrite
dt(ws)=
X
m+1ks−1;deg xk=t
xk ⊗Yk =: z:
Let fE^r ; d^rg be the Leray{Serre spectral sequence of the G-bundle G!EG!BG.
By comparing the spectral sequences fE^r ; d^rg and fEr; drg by the morphism of spec-
tral sequences induced from the morphism of brations given in (2.1), we see that
d^t((ws)) 6=0 if Yk = s−1x11    s−1xs−1s−1 for some k. However, it follows from
Proposition 4 (ii) that (wm+s)= s−1xm+s +
P
1jm js
−1xj and that each element
s−1xi is universally transgressive. Hence we can conclude that the monomial Yk con-
tains some yi as its factor for any k =m+ 1; : : : ; s− 1.
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In order to replace the element ws by a dt-cycle, we consider a formal spectral
sequence f ~Er; ~drg dened by
~Er :=
O
m+1ks−1
~E;r (s
−1xk ; xk)⊗ k[y1; : : : ; ym]=((x1); : : : ; (xm));
~dr(s−1xk)= xk if r=deg xk and d(yj)= 0 for any j, where bideg xi=(0; deg xi); bideg
yj =(0; deg yj) and bideg s−1xi=(deg xi − 1; 0). Since the vector space Q ~E;r (s−1xk ;
xk)s; t of indecomposable elements is trivial if st 6=0, it follows that (Q ~E;r )s; t is also
trivial if st 6=0. Therefore there exists an element 1 2 ~E0;t such that ~dt(1)= z because
~dt(s−1xk)= xk . Note that the element z is a cycle in ~E
;
t . Since each monomial Yk
contains some yi as its factor, all terms of such an element 1 contain some yi. It is
possible to regard the element 1 as an element in E
;
t . Therefore we can conclude
that dt(ws− 1)= 0. Repeating the above argument, we can obtain elements 2; : : : ; u
in E0;2 whose terms contain some yi such that !s−1−2−  −u is transgressive.
Since (!s−1−  −u)= (!s)= s−1xs+
P
1jm js
−1xj (j 2 k) and the element
(ws) is transgressive to xs+
P
1jm jxj, it follows that the element !s−1−  −u
is also transgressive to xs +
P
1jm jxj. By replacing xs with xs +
P
1jm jxj, we
can conclude that (xs)= 0. This completes the proof.
Proof of Theorem 3. Since the condition (P1)k holds, it follows from Proposition 4
(i) that there exist indecomposable elements x1; : : : ; xm; xm+1; : : : ; xl in H(BG; k) such
that (x1); : : : ; (xm) is a regular sequence in H(BK ; k). Hence we can deduce
that H(BK ; k) is isomorphic to a free k[x01; : : : ; x
0
m]-module k[x
0
1; : : : ; x
0
m]⊗M , where
x0i = 
(xi) for any i=1; : : : ; m (see [1]). We can choose a number s (m + 1 s l)
so that (xm+1)=    = (xs−1)= 0 and that
(xs)=
X
i
fi(x01; : : : ; x
0
m) +
X
j
Yjgj(x01; : : : ; x
0
m);
where Yj are non-zero linear combinations of k[x01; : : : ; x
0
m]-basis with positive degree,
fi are polynomials and gj are monomials.
Assume that gj 6=0 for some j. The image of  is invariant under the N =NG(K)=
K-action. Therefore, we see that (xs)= g(xs)=
P
i fi(x
0
1; : : : ; x
0
m) +
P
j g(Yj)gj
(x01; : : : ; x
0
m). Moreover, this equality enables us to conclude thatX
j
(gYj − Yj)gj =0: (2.4)
Let fbkg be a k[x01; : : : ; x0m]-basis of H(BK ; k), that is, a k-basis of M . We can write
gYj−Yj = j+
P
k hjk(x
0
1; : : : ; x
0
m)bk , where j is an element of M and hjk are polynomials
with positive degree. We dene the length l(f) of the monomial f= x011    x0mm by
l(f)= n if 1 +    + m= n. Put r=minjfthe length of gj; deg gj>0g. Consider the
equality (2.4) in the vector space
  :=M ⊗ k[x01; : : : ; x0m]=(x011    x0mm ; 1 +   + m= r + 1):
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Then we haveX
j; l(gj)=r
(gYj − Yj)gj =0
in  . Therefore,
0 =
X
j; l(gj)=r
jgj +
X
j
X
k
hjkgjbk
=
X
j; l(gj)=r
jgj:
Since the monomials gj with length r form a basis of the vector space k[x01; : : : ; x
0
m]=
(x011    x0mm ; 1 +    + m= r + 1), it follows that j =0 if the length of gj is r. We
choose such an integer j, say jr . The equality gYjr −Yjr =
P
k hjrk(x
0
1; : : : ; x
0
m)bk enables
us to deduce the equality gj(Yjr )− j(Yjr )= 0. By virtue of Lemma 2.1, we see that
j(Yjr )= 0. From Proposition 4, it follows that Yjr is contained in the ideal (x
0
1; : : : ; x
0
m)
of H(BK ; k) generated by x01; : : : ; x
0
m. Hence there exist polynomials ~hk(x
0
1; : : : ; x
0
m) with
positive degree such that
Yjr =
X
k
bk ~hk(x01; : : : ; x
0
m):
On the other hand, Yjr is a non-zero linear combination of fbkg, which is a contra-
diction. Thus (xs)=
P
i fi(x
0
1; : : : ; x
0
m). Replace xs with the indecomposable element
xs −
P
i fi(x1; : : : ; xm). In the consequence, the condition (P3)k holds.
3. Examples
We consider examples, which are introduced by Shiga [3], from the viewpoint of
homological properties of the homomorphism  :H(BG; k)!H(BK ; k).
Let S1 and S2 be two circle subgroups of SU (3) dened by
S1 =
8>><
>>:
0
BB@
eit
e−it
1
1
CCA

t 2R
9>>=
>>; ; S2 =
8>><
>>:
0
BB@
e−it
e−2it
e3it
1
CCA

t 2R
9>>=
>>; :
We choose, as the generators of the polynomial algebra H(BSU (3); k), the second
Chern class c2 and the third Chern class c3. Then it follows that 1 (c2)= t
2, 1 (c3)= 0;
2 (c2)= 2t
2−3t2−6t2 = −7t2 and 2 (c3)= 6t3, where i is the induced map from the
inclusion Si! SU (3) and t is a suitable algebra generator of the polynomial algebra
H(BSi; k). The above fact and Theorem 2 allow us to deduce that
(i) the bration (1.1) for the pair (S1; SU (3)) is TNCZ with respect to a eld k
with zero or positive characteristic, and that
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(ii) the bration (1.1) for the pair (S2; SU (3)) is TNCZ with respect to a eld k if
and only if the characteristic of k is 2, 3 or 7.
The following example is also considered in [3, Proposition 4.3]. We dene the
circle subgroup S1 of SU (n) by
S1 =
8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:
0
BBBBBBBBBBBBBBBBBBB@
eim1t
e−im1t
. . .
eimk t
e−imk t
1
. . .
1
1
CCCCCCCCCCCCCCCCCCCA

t 2R
9>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>;
;
where m1; : : : ; mk are real numbers with 2k  n. We choose Chern classes c2; c3; : : : ; cn
as the algebra generators of the polynomial algebra H(BSU (n); k). Let  be the per-
mutation dened by =(1; 2)(3; 4)    (2k − 1; 2k). If t2k =−t2k+1, then
nY
i=1
(x − ti)= 
 
nY
i=1
(x − ti)
!
=
nY
i=1
(x + ti)
and hence (2i + 1)th elementary symmetric polynomials are zero. The Chern classes
are identied with the elementary symmetric polynomials i under the induced map
Bi :H(BSU (n); k)!H(BT ; k), where i : T! SU (n) is the inclusion map from
a maximal torus. Therefore it follows that
(c2i+1)= 2i+1(1[jm1j]t;−1[jm1j]t; : : : ; k [jmk j]t;−k [jmk j]t; 0; : : : ; 0)=0
for any i. Here [ ] denotes Gauss' notation and i=1 if mi 0; i=−1 if mi<0.
Moreover, we see that (c2)=−([jm1j]2 +   +[jmk j]2)t. Therefore, if [jm1j]2 +   +
[jmk j]2 is not divisible by the characteristic of k, then (c2i − ici2)= 0 for some
i 2 k. By replacing the algebra generators c2i with c2i − ici2, we can conclude that
the condition (P3)k holds. In the consequence, it follows from Theorem 2 that the
bration (1.1) is TNCZ with respect to a eld k if [jm1j]2 +   + [jmk j]2 6 0 modulo
characteristic of k.
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